Chapter 8. Binomial Theorem

Question-1

Expand each of the following expression (1 — 2x)°

Solution:
By using Binomial Theorem, we have
(1 —2x)° = [1+(-2x)]°

= 9Cqg + 2C1(-2x) + %Co(-2%)? + °C3(-2%)° + 5Ca(-2x)* + °C5(-2x)°

=1+52x)+ 10 (-2x)? + 10 (-2x)% + 5(-2x)* + (-2x)°
=1 — 10x + 40x2 - 80x> + 80x* - 32x°

Question-2
Expand each of the following expression [% = ;]5

Solution:
By using Binomial Theorem, we have

- 32 _40 20 _ 5x<

25 .3 = g 3z

Question-3

Expand each of the following expression (2x — 3)%

Solution:
By using Binomial Theorem, we have
(2x -3)%= [2x +(-3)]°

= 0Cp (2x)° (-3)° + PC1(2x)° (-3)" + °C5 (2x)? (-3)2 + OC3(2x)? (-3)%+ °C4

(2x)% (-3)* + °C5(2x%)" (-3)° + °Cs(2x)? (-3)°

= 1(2%)% + 6(2x)°(-3) + 15(2x)* (-3)2 + 20(2x)° (-3)° + 15(2x)2(-3)*+

6(2x)(-3)°+(-3)°
= 64x° — 576x° + 2160x* — 4320x° + 4860x2 — 2916x + 729
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Question-4

Expand each of the following expression[% o %]5

Solution:
By using Binomial Theorem, we have;

(-2 =co(8) (3] =" (8 () + o= (5] (3] e (&) (&) "o

BTG )R

_ w Ex 10 . 10 1= . 1
243 3 3 3w 5,3 L E
Question-5

6
Expand each of the following expression [x " %]

Solution:
By using Binomial Theorem, we have:

v+ 3]5 - 5(:0(}:)’5[%]0 +5C1(x)5[%]1+ 5C2(x)4[%]2+ GCS(X)B[%]E+ 5C4(x)2[%]4+

“C5(x)" [%]5 "'606[%]6

1 4 1 3 1 o
- }{6+ 6)(5[;] + 15% X—E + 20% .X—g +15% .x

1
4

1 1
+ Ay, — + ——
XS XE‘

=] 1

+

15
I=x5+6x4+15x2+20+—2+ =
* * H

Question-6

Using binomial theorem, evaluate each of the following (96)3

Solution:

We express 96 as the sum or difference of two numbers whose powers are

easier to calculate, and then use Binomial Theorem
Write 96 = 100- 4

Therefore

(96)% = (100 - 4)3

3Cp (100)2-3C1(100)2(4) + 3C2(100)' (4)? - 3C3(4)°
1000000 -3 (10000) (4) + 3 (100) (16) - (64)
1000000 -120000 + 4800 - 64

884736
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Question-7

Using binomial theorem, evaluate each of the following (102)°

Solution:
(102)° = (100 + 2)°

= 9Cp(100)° + °C1(100)4(2) + °C2(100)3(2)% + C3(100)%(2) + °C4(100)
(2)*+ °C5(2)°

=10000000000 + 5(100000000)(2)+10(1000000)(4)+ 10(10000)(8) +
5(100)(16) + 32

= 10000000000+1000000000 + 40000000 + 800000 + 8000 + 32

= 11040808032

Question-8

Using binomial theorem, evaluate each of the following (101)*

Solution:
(101)* = (100+ 1)*
=4Cp(100)* + 4C1(100)3(1) + 4C2(100)2(1)% +*C3(100) (1) +4C4(1)?
= 100000000 + 4(1000000) + 6 (10000)+ 4 (100)+ 1
= 100000000 + 4000000 + 60000 + 400+1
= 104060401

Question-9

Using binomial theorem, evaluate each of the following (99)°

Solution:
(99)° = (100- 1)°
= 3Cp(100)° - >C1(100)24.1 + °C2(100)2.(1)2- °C3(100)2.(1)2 +
°C4(100)7(1)*->Cs(1)°
=(100)°— 5 x (100)*+ 10 x(100)® — 10 x (100)?+ 5 x 100 — 1
= 10000000000-500000000+ 10000000 - 100000 + 500 - 1
= 10010000500 - 500100001
= 9509900499
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Question-10

Using Binomial Theorem indicate which number is larger (1.1)'99%0 or 1000.

Solution:
Splitting 1.1 and using Binomial Theorem to write the first few terms we
have

(1 .1)1 0000 _ U +O‘-|)1I}DIJ[]
= 10000¢, 4+ 10000¢,(0.1) +100090¢,(0.1)? + other positive terms.
=1+ 10000 " (0.1) + other positive terms
=1+ 1000 + other positive terms
>1000
Hence, (1.1)"9990 - 1 000.

Question-11

Find (a + b)? - (a — b)*. Hence, evaluate (5 . Z)* - (/& - /2)*-

Solution:

(a+b)*-(a-b)*

= [*Coa? + 4C1a%b + 4Cya2b? + 4Czab? + 1C,4b?] - [*Cpa? * 4Cja®b + *Cra2b? - 4C3
ab3 +4C,b% = 2 x 4C,; a’b + 2 x 4C3 ab®

= 2[4a b + 4ab?]

= 8ab [aZ + bZ]

Thus, (&7 +.5)*- (5 - 2)°

=8 . 5.2 [83+2]=8,5(5)=40.5

Question-12

Find (x + 1)® + (x - 1)%. Hence or otherwise evaluate (2«1 -[yz -1)°

Solution:

(x+ 10+ (x-1)°

= [ECO x° + 601 X7 + GCZ )(4] + [6(33 X2 + 604 X2 + 6C5 x! - 605] +
[6Co x®-5Cq x® + BCo x* - OC3 x® + OC4 %2+ OCsx — OC¢]

= 2[Cox® + OCo x* + °C4 x2 + OCg)

= 2[x®+ 15x*+ 15x%+ 1]

Thus, ((z+1)%+ (z-1)°

=2[(&)°+15(,5)* + 15 (y7) + 1]
=2[8+15(4)+15(2) + 1]

=2[8 + 60+ 30+ 1]=198.
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Question-13

Show that 9"*1 - 8n - 9 is divisible by 64, whenever n is a positive integer.

Solution:
n=1=9"*1.8n-9=02-8-9
=81-17 = 64= 1(64)
n=2=9"%*1-8n-9=9%-8(2)-9
=729 —16-9=704= 11 (64)
Fromn=3,4,5,..9""1-8n-9=9(1+8)n-8n-9
=9["Cop+"Cq.8+"C2.82+.."C,8" - 8n-9
=0[1 +8n+"C2.82+ .. "C,8n] -8n -9
=0+72n+9."C5.8%+..9"C,8"-8n-9
=82[n+9("Cz +"Ca.8 +... "C,, 8™9)]
which is divisible by 64.

Question-14

Prove that Zn‘;ir c, = 4"
r=00

Solution:
L.H.S =3%(n,0) + 3" C(n,1) + 32C(n,2) + — 3'(n, 1) + — +3" C(n, n)
= C(n,0) + C(n,1) 3! + C(n,2) 32+ C(n,3) 3% + — +C(n,n)3"
This is in the form of (1+3)"
=(1+3)"=4"=RH.S

Question-15

Prove that x° in (x + 3)®

Solution:

Suppose x° occurs in the (r + 1 )th term of the expansion (x + 3)%
Now Ty ="Cra" "b" = 8C, xB"3r

Comparing the indices of x in x° and in T, 4, we getr = 3

Thus, the coefficient of x° is

8C3(3)% = 1512
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Question-16

Prove that ab” in (a-2b)'?

Solution:

Let a°b” occurs in the (r + 1)th term, in the expansion of (a - 2b)'2 given by
12¢c,. a2~ "(-2b)". Then 12 — r = 5. This gives r= 7.

Thus the coefficient of a°b” is

12C5 (-2)" = % «(-128) = (792) (-128) =-101376

Question-17

Prove that (x2 - y)°®

Solution:
Wehave T, in(a+b)"="Ca" " b',0sr=n
Trs1in (x2-y)° = °C(x?)° " (y)'

- 6Cr }{12 _2r {")"]r

Question-18

Prove that (x% — yx)'?, x' 0

Solution:

Tre1in (xz ‘Yx)12 =12¢, (x2)12-r (-yx)"
1 ECr )(24 -2r (_1 )r(y)r[x)r
- 'Izcr )(24 - r.)l,r(_1 )I’

Question-19

Find the 4th term in the expansion of (x - 2y)'2.

Solution:
Athtermin (x-2y)'2=Ta=Ta+1
= 12C5(x)"2" 3(-2y)°
[Tr+1in(@a+b)"="C,a" ~"b']
= 12C3(x)° (-2)° (y)°
12 =11 =10

- Q.3
= —— X -8Bx¥H
Fx2 i

=-1760 x° y®
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Question-20

18
Find the 13" term in the expansion of [gx -1 ]
3u

Solution:

13
13t term in [gx— = ] =Tia=Ti2 +1

Sl
1 1z
18012{{3}(}18 - 12[_ 3'“"'_]
12

1

18C12(9x)° [

= 18012{9}53 [x : ]

12 .
= 18012{9:{}5 ()

= 18C, ,(32)6¢)" -nE @ 1E )0
=18¢, (319 =) HE 7"
=18C,,= 18564

Question-21

7
Find the 13! term in the expansion of [3 - %]

Solution:

.
The index of[3 - %] ,is 7, which is an odd natural number.

. T T
So, Middle terms are 72‘1 and ?;3

T7+1 T T-3 _XB F
—— =Ta =Tz ="C3(3) e

= TCa(3)4(x3)3(-1)(67)°

= TC3(81)(x) (6)3(-1)3

_ ~35=81 9 _ -105 g
216

w3
T?;B — T5 - T4 +1= ?C4{3}?_4[-?]

7Ca(3)° (1) (x%)(6)*
= 7C4(27) (0'%(6)™
(35)(27)(6) () '*

35 =27 12 = 35 L12
1296 48
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Question-22
% 10
55

Solution:

10
The index [% + 91,,] is 10, which is an even natural number.

Hence, Middle term = T102+2 =Te = Tss1
= mcﬁ[i]m-S[gﬂﬁ
]
=100 (%Y /oD
5[5] (@)
L
= 10[25{}(}5[%] (@545
1°C5(3)° 32]5(:-:}5w}5

= 1”05{3}'5(3]10 25y

10C;39 x%y? = (252)(243)x° y?
61236 x%y°

Question-23

In the expansions of (1 + a)™", using Binomial Theorem, prove that
coefficients of a™ and a" are equal.

Solution:

We have,

(1 + a)m+n = [m-l-nCD + m+nc1a1 + m+n02a2+ ______ rr'|+r1|-:r
a + ... .. + M L, amen

Coefficient of am = m+ng == m > !

m!int
Also the coefficient of an

= m+n — m + nj!
= C. =
ntm!

Clearly, ™nNC =M+
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Question-24

The coefficients of the (r-1)1, rth and (r+1)! terms in the expansion of
(x+1)" are in the ratio 1:3:5. Find both nand r.

Solution:
Coefficient of (r-1)th term = C(n, r-2)

Coefficient of rth term = C(n, r-1)
Coefficient of (r+1)th term = C(n, r)

Considering 15t and 2nd

Sy =21 n x(r—l}!{n—r+1}! _ (r=11n—r+1)! _ =1 =201 _
Cinr—11 r—2n—r+231 i T r—Zm—r +ain—r 1l 2N - +21
=1y _ 1
n—v+2 3

3r-3=n-r+2

Considering 2nd and 3rd

Clnyr=1) _ 3 _ nl « Fin=ril (n=rilrir-1)1 _ r _ 3
Cime) 5 r=Lim—r+1n M (n—r+Dn-Alr-11  n-r+41 &
5r=3n-3r+3

3n-8r=-3——(2)
2(n - 4r = -5)
2n-8r=-10 —(3)
Subtract (3) from (2)
n=7

Substitute n = 7 in (2)

We getr=3

n=7,r=3
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Question-25

Prove that the coefficient of X" in the expansion of (1+x)2" is twice the
coefficient of x" in the expansion (1 + x)2"~ 1.

Solution:
(14x)2" = 20C+20C x14+2NCox2 +.... + 2Cx"

(1 +}(]2”'1 — 2n-1 CD+2'HC1}{1 + 2n-1 szz +. .+ 2n-1 Cn}(”
Coefficient of x™ in (1+x)2" ~1is (2"-1C,)

2”Cn — [2n)!
ntn!
_ 2nii2n - 120 - 23!
B n{n - 1t n!
_ (2n)(@n - 12(n - 1)
B n{n - 1)!n!
_Aaf2eEn -1 -
= 2[ i ] ....... 0
n-1p - _ 20 -1
Now Cn = n(zn -1 -nj!
_ {2n-1)!
At {n - 13!
_ (2n-1)(2n - 2!
n{n- 1)
_ @n-12n-1)!
nl{n =131
_ 2(2n-1) .
LITTTREE (i1)

From (i) and (ii) we have
Encn =92 2n Cn
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